One of the most widely-used measures for protein evolution is the ratio of nonsynonymous distance (dN) to synonymous distance (dS). Under the assumption that synonymous substitutions in the coding region are selectively neutral, the dN/dS ratio can be used to test the adaptive evolution if dN/dS>1 statistically significantly.
Introduction
Since the proposal of neutral theory (Kimura 1968; King and Jukes 1969) as well as the more general nearly-neutral theory (Ohta 1973; Kimura 1983) , the debate between selectionists and neutralists has continued to the era of genome sciences (Lynch 2007; Hahn 2008; Fay et al. 2011; Lynch et al. 2016; Kern and Hahn 2018; Jensen et al. 2019) . This is partly because detection of positive selection at the genome level remains a challenge in germline mutations (Bustamante et al. 2005; Sabeti et al. 2006) or in somatic mutations in cancers (Chen et al. 2019a) . One of most widely-used measure for protein sequence evolution is the ratio of nonsynonymous distance (dN) to synonymous distance (dS) (Li 1997) . The dN/dS ratio has been widely used to test the underlying selection mode. Under the assumption that synonymous substitutions in the coding region are selectively neutral, the dN/dS ratio is a conventional estimate for the ratio of mean evolutionary to the mutation rate (v) (Kimura 1983 ). It appears that the ratio dN/dS=1 means a strict neutral evolution in nonsynonymous substitutions; dN/dS>1 for positive selection and dN/dS<1 for negative selection.
However, the null hypothesis of dN/dS=1 (strictly neutrality) can be confounded by some amino acid sites subject to very strong purifying selection (lethal mutations) (Ohta 1992) . Therefore, without knowing the proportion of lethal mutations to make some corrections, the dN/dS ratio of a gene could be less than one even when some sites are indeed subject to positive selection. In other words, the application of dN/dS>1 as a criterion to detect positive selection becomes less powerful. Indeed, the observation of dN/dS<1 can be explained by either the existence of essential sites plus some sites under (weak) positive selection, or the existence of essential sites in the dominance of strictly neutral evolution, or the nearly nearly-neutral evolution. In this paper, we propose a new criterion to distinguish between these possibilities.
New Methods

Evolutionary rate of an encoding-gene
In the theory of molecular evolution, the evolutionary rate (λ) of a nucleotide is determined by three levels of genetic processes: mutation at the individual level, polymorphism at the population level, and fixation at the species level (Kimura 1983) . Let v be the mutation rate, s the coefficient of selection and Ne the effective population size. It has been showed that the evolutionary rate is given by (1) Eq.
(1) has provided a solid foundation for resolving the debate between adaptive evolution, neutral evolution, and nearly-neutral evolution: it predicts λ/v>1 for adaptive evolution (s>0), λ/v=1 for neutral evolution (s=0), or λ/v<1 for deleterious evolution (s<0), respectively. Usually, S=4Nes is called the selection intensity that uniquely determines the rate-mutation ratio λ/v.
In practice, the ratio of nonsynonymous distance (dN) to synonymous distance (dS) is widely used in molecular evolution. Under the assumption that synonymous substitutions are selectively neutral, the dN/dS ratio can be used as a proxy of the λ/v ratio. Based on the dN/dS ratio, numerous statistical methods (Li et al. 1985; Nei and Gojobori 1986; Li 1993; Ina 1995; Cameron 1995; Yang 1997; Yang 2006) 
While the criteria for detecting different evolutionary modes remain the same, we have realized that the interpretation of dN/dS ratio test depends on the structure of Φ(S). For instance, with a few exceptions, it has been observed that dN/dS<1 holds for encoding genes of all organisms, indicating the role of selective constraints imposed on the protein sequence. There are two common interpretations of dN/dS<1. One is the nearly-neutral model, that is, the range of S in Φ(S) is negatively continuous, with a range of (-∞, 0); the other one is the neutral-lethal model, that is, Φ(S) follow a simple two-state distribution, S=0 (strictly neutral) and S=-∞ (lethal).
The Δ-criterion on protein sequence evolution
It appears that additional information is required to develop a new dN/dS-based method that can distinguish between more sophisticated selection modes. Noting that the conventional dN/dS tests were actually focused on the mean rate-mutation ( /v) ratio, we consider the second moment of the evolutionary rate, that is,
Next, we introduce a new quantity Δ, the difference between the second-moment and the mean of rate-mutation ratio. From Eq.
(2) and Eq.(3), Δ can be written as follows (4) As shown below, the sign of Δ provides some insights for testing different selection modes.
Δ=0 under the neutral-lethal selection mode
Under the classical neutral model (Kimura 1968; 1983) , the distribution Φ(S)
can be constructed as follows: all mutations are classified into two categories: strictly neutral mutations (S=0 with a probability of 1-fL) or lethal mutations (S=-∞ with the probability of fL). Since the evolutionary rate is λ=v (mutation rate) for strictly neutral mutations and λ=0 for lethal mutations, respectively, the first (mean) and the second moments of evolutionary rate of a gene under this model is simply given by (5) respectively. We thus conclude that, under the neutral-lethal selection mode, we have Δ=0, regardless of the proportion of lethal mutations.
Δ>0 under the positive selection with neutral-lethal mode
Suppose that all mutations of a gene are classified into three categories:
adaptive mutations (S>0 with a probability of fA), lethal mutations (S=-∞ with a probability of fL), and neutral mutations (S=0 with a probability of 1-fA-fL). Moreover, the (positive) selection intensity of adaptive mutations follows a distribution denoted by Φ + (S). It follows that Δ can be written as follows (6) which is always larger than 0, regardless of the existence of lethal or neutral mutations.
Δ<0 under negative selection with nearly-neutral mode with lethal mutations
Under the nearly-neutral model with lethal mutations, all mutations of a gene are classified into three categories: nearly-neutral mutations (S<0 with a probability of 1-fL-f0), lethal mutations (S=-∞ with a probability of fL), and neutral mutations (S=0 with a probability of f0). Moreover, the (negative) selection intensity of nearly-neutral mutations follows a distribution denoted by Φ -(S). With the argument similar to Eq.(6), one can show (7) which is always less than 0. In other words, the new method has two features: (i) to detect signal of positive whereas some sites may be subject to very strong constraints (invariable sites); and (ii)
A new dN/dS ratio test based on the Δ criterion
to distinguish between the nearly neutral model and the strictly-neutral model with invariable sites.
Calculation of H
The remaining question is how one can estimate the parameter H, which is fundamental in the new Δ-dN/dS test. In the following we discuss types of datasets.
Multiple-alignment of protein sequences of a gene
Following Gu (2007) 
Given the phylogeny, we implement two methods to infer the number of changes per amino acid site: the first one is the parsimony method to infer the minimum-required number of changes per site, and the second one is the method of Gu and Zhang (1997) to estimate the (bias-corrected) number of amino acid changes at each site.
Cancer somatic mutations of a gene
The Kandoth, et al. (2013) , 260 SMGs reported by Lawrence, et al. (2013) and 299 cancer driver genes reported by Bailey, et al. (2018) .
Nearly-neutral selection dominates protein evolution in vertebrates
Briefly, the estimation procedure was as follows. .1 . Almost all of genes are below the line of dN/dS=1-H, or dN/dS<1-H. We thus conclude that nearly-neutral model is sufficient to explain the genome-wide pattern of protein evolution in vertebrates.
Evolution of cancer somatic mutations: Dominant positive selection under strong functional constraints
The theory of clonal evolution in cancer biology claims that cancer cells emerge through random somatic mutations from a single cell and genetically diverge to disparate cell subclones and successive clones in cancer cell replication (Stratton et al. 2009; Vogelstein et al. 2013) . Ultimately, cells alter one or few crucial pathways and acquire the hallmarks of cancer through somatic mutations followed by cancer-specific positive selections (Martincorena and Campbell 2015; Bailey et al. 2018) . The argument that carcinogenesis is a form of evolution at the level of somatic cells suggests that our understanding of cancer initiation and progression can be benefited by the molecular evolutionary approaches. One well-known example is to estimate the rate ratio of somatic nonsynonymous to synonymous substitutions (CN/CS) of a protein-encoding gene in cancers, but resulted in inconsistent conclusions (Dees et al. 2012; Lawrence et al. 2013; Reimand and Bader 2013; Schroeder et al. 2014; Porta-Pardo et al. 2014; Mularoni et al. 2016; Martincorena et al. 2017; Zhou et al. 2017; Weghorn and Sunyaev 2017) .
Thanks to the advances in cancer genomics, The Cancer Genome Atlas (TCGA) has accumulated millions cancer somatic mutations from nearly ten thousand tumor-normal pairs. We applied the new Δ-CN/CS analysis to explore the major pattern of selection modes in cancer evolution, where CN/CS of each gene is calculated by the method of Zhou et al. (2917) . First we consider 294 cancer genes. About 70% of them showed CN/CS >1, about 30% of them showed 1-H<CN/CS <1, whereas only one gene showed CN/CS<1-H (Table 2 ). Together we propose the following scenario. Driver mutations, i.e., those initiate and facilitate carcinogenesis, confer a selective advantage on cancer cells (positive selection), leading to CN/CS>1 for the majority of cancer-related genes. Impressively, up to 30% cancer genes revealed the pattern of mutations under weak positive selection, and mutations under strong purifying selection that were ultimately eliminated from the cancer cell population (Zhou et al. 2017; Weghorn and Sunyaev 2017) . Moreover, our analysis suggests that passenger somatic mutations, those unrelated to the process of carcinogenesis, are likely be selectively neutral, rather than nearly neutral due to reduced effective clonal size (Kandoth et al. 2013) , because CN/CS<1-H has been shown highly unlikely. Our analysis in cancer genes has been confirmed by a genome-wide analysis (Fig.2) . (Dagan et al. 2002; Smith 2003; Hanada et al. 2007; Weber et al. 2014; Figuet et al. 2016; Braun 2018; Chen et al. 2019b ). The Dr/Dc ratio analysis postulates that, under positive selection more radical amino acid replacements may occur than conservative replacements, and vice versa under negative selection. If we view the Dr/Dc ratio as a proxy to the rate-mutation ration, our Δ-dN/dS analysis can be applied to the Dr/Dc with some technical modifications. 
